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Abstract

In this study we propose a simple computing procedure to determine in probabilistic form
the material constants that enter fatigue-life calculation, namely fatigue strength (ductility)
coefficient σ′

f , (ε
′
f) and fatigue strength (ductility) exponent b (c). The procedure, which as-

sumes log-normal distribution of fatigue life on the S-N curve, is based on the shift of the
regression line (representing the fatigue-life curve) to the desired value of the probability of
occurrence, and yields a set of material constants σ′

f , b, ε′f , c ranging in probability of occur-
rence from 1 % to 99 %. Suitable application of this procedure to the life estimation model
under random loading conditions yields the fatigue-life distribution function taking into con-
sideration the scatter of cyclic material properties.
The application of this method to evaluate fatigue reliability of a vehicle’s construction is

also presented. Based on the proposed methodology, the maximum permissible value of the
scatter of a welded joint’s cyclic properties was determined to ensure that the probability of
premature fatigue failure occurrence would not exceed the allowable value.

K e y w o r d s: material’s cyclic properties, fatigue-life distribution function, probabilistic
analysis, welded joint

1. Introduction

It is essential to ensure that material of construc-
tion is endowed with sufficient resistance against fa-
tigue fracture even at the design stage. Therefore,
there is need for a suitable method to assess whether
the fatigue life of a designed construction (Lg, Fig. 1)
is sufficiently greater than the desired operational en-
durance (Lreq, Fig. 1).
Computing methods that employ the probabilistic

approach to fatigue-life estimation are preferred for
such assessments because in actual operation both ma-
terial properties and construction loading are random
in nature, i.e. the result of computational life estim-
ation should be in the form of a distribution func-
tion. If it is necessary to modify the fatigue-life distri-
bution function (FLDF) of the designed construction
(Fig. 1) to fulfil the requirement Lg > Lreq, usually
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it is the material of the construction that has to be
changed because it is not always possible to alter the
operational loading to suit the design concept as such
loading is governed by operational conditions. In this
regard, the scatter of a material’s mechanical proper-
ties plays a crucial role because the magnitude of the
scatter could significantly affect the course of FLDF
and consequently the conditions of reliable operation
(Lg > Lreq and Pg < Pa, Fig. 1).
In this article the emphasis is on development of

a model for FLDF estimation that incorporates the
scatter of material’s mechanical properties at critical
locations in the construction. Such a model of fatigue-
-life estimation enables assessment of the fatigue reli-
ability of a construction in respect of the scatter of the
material’s cyclic properties and compares the different
materials with respect to the desired values of Lreq and
Pa (Fig. 1). The model also, eventually, assesses from
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Fig. 1. Schematic illustration of the verification of fatigue
life of construction design. FLDF – fatigue-life distribution
function of designed construction; Lreq – desired opera-
tional endurance of construction; Pa – permissible prob-
ability of occurrence of premature fatigue failure; Lg – op-
erational endurance for admissible value of Pa, confirmed
by the calculated FLDF; Pg – probability of occurrence
of premature fatigue failure, confirmed by the calculated

FLDF for the Lreq value.

this standpoint the influence of other factors, such as
heat treatment, welding technology, etc.
Therefore, this paper proposes:
a) a simple computing method to enable determ-

ination, in probabilistic form, of the material charac-
teristics needed for fatigue-life calculation,
b) applying this method in the model to estim-

ate the operational fatigue life (and thereby obtaining
the FLDF of the construction regarding the material’s
cyclic properties’ scatter), and
c) practical application of the proposed methodo-

logy to evaluate the operational reliability of the con-
struction of an urban vehicle from the material’s fa-
tigue perspective.

2. Probabilistic interpretation of material
characteristics

To calculate the fatigue damage at the critical spot
in a construction (that is, the location where the fa-
tigue failure could be expected as a result of the action
of variable stress), the behavioural characteristics of
the material under cyclic loading are needed. In the
fatigue-life estimation model, which is based on the
“local stress or strain concept”, the material constants
that represent these characteristics are the parameters
of the following fatigue-life curves:
– Manson-Coffin’s fatigue-life curve [1, 2]:

εa =
σ′
f

E
(2Nf)

b + ε′f(2Nf)
c
, (1)

– Wöhler’s curve:

σm
a Nf = K = const, (2)

– or parameters of the so-called rewritten Wöhler’s
curve in the form of Basquin’s [3] equation:

σa = σ′
f(2Nf)

b
, (3)

where σa is the stress amplitude, εa is the total strain
amplitude, Nf is number of cycles to fatigue failure,
σ′
f is fatigue strength coefficient, b is fatigue strength
exponent, ε′f is fatigue ductility coefficient, c is fatigue
ductility exponent.
The following relations are valid between the para-

meters of Eqs. (2) and (3):

b = − 1
m
; σ′

f = (2K)
1/m

. (4)

The material constants σ′
f , b, ε′f , c then represent

the cyclic properties of the material and are determ-
ined based on linear regression using experimental de-
pendence Nf = f(σa) and Nf = f(εa).
The values of the constants σ′

f , b, ε′f , c, obtained by
regression analysis, correspond to the 50 % probability
of occurrence (their table values for different mater-
ials are readily available, e.g. in [4, 5]). However, in
reality material properties are random in nature. The

Fig. 2. Scheme for determination of the material constants

(σ′
f , b) for P(%) probability of occurrence. • – fatigue-life
curve experimental points (σai; 2Nfi); RL(50%) – regres-
sion line; RL(1%) – regression line shifted to the value
of P = 1 %; sN – standard deviation; d(1%) – multiple
of standard deviation determining the value of P = 1 %;
PDF – probability density function (log-normal distribu-

tion of Nf).
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degree of this randomness is given by the magnitude of
the scatter of experimental points along the regression
line, representing the fatigue-life curve of the mater-
ial at the critical spot in a construction (CSC) (see
Fig. 2 and Fig. 4). In fact, any of these experimental
points could represent the cyclic material properties
of the CSC investigated. This means that in practice
the computational estimations of fatigue damage, ob-
tained by employing solely the parameters of the re-
gression line, could be overestimated or underestim-
ated depending upon mutual positions of the regres-
sion line and the experimental point representing cyc-
lic material properties of the CSC investigated. There-
fore, in fatigue damage calculations material proper-
ties have to be interpreted probabilistically. Adopting
this approach for determination of material constants
allows the calculation of the fatigue life of the CSC
investigated in the form of a distribution function in-
corporating the scatter in the material’s cyclic prop-
erties.
The material constants σ′

f , b, ε′f , c for the different
probabilities of occurrence are computed employing a
set of fatigue-life curve experimental points (Fig. 2)
assuming the following:
– the life (that is the number of cycles to fatigue

failure Nf , for loading with a harmonic cycle of amp-
litude σa) has log-normal distribution, and
– the values of the material constants (σ′

f , b, ε′f , c)
for the P% probability of occurrence (hereafter P%)
are obtained based on the shift of the regression line
to the desired value of P%.
This principle is schematically depicted for Bas-

quin’s relation in Fig. 2. From the set of experimental
points (σai; 2Nfi)

n
i=1, for the fatigue-life curve in the

form of Eq. (3), the set of material constants (σ′
f , b)

for the P% ranging from 1 % to 99 % are obtained in
this manner. It is evident from Fig. 2 that according to
this methodology, while only the value of the fatigue
strength coefficient σ′

f is a function of P%, the value
of b remains unchanged for all values of probability.
When utilizing the set of fatigue-life curve exper-

imental points(σai; 2Nfi)
n
i=1 to determine the regres-

sion line in accordance with the scheme in Fig. 2, the
stress amplitude σa must be considered as an inde-
pendently variable and the number of cycles to failure
Nf as dependently variable. Therefore, it is necessary
to perform linear regression in the coordinate system
(2Nf) = f(σa). Then, based on Eq. (3), the regression
line equation assumes the form

log (2Nf) = −1
b
log σ′

f +
1
b
log σa. (5)

Statistical evaluation of the set of n experimental
points (σai; 2Nfi)

n
i=1 leads to the regression line equa-

tion assuming the form

log (2Nf) = A0 +B0log σa, (6)

whereby, with respect to Eq. (5), the following rela-
tions are valid between the parameters sought σ′

f , b,
and the constants evaluated A0, B0:

B0 =
1
b

(7a)

and

A0 = −1
b
log σ′

f . (7b)

The values of parameters (σ′
f , b) of the material

for 50 % probability of occurrence are then obtained
based on the already known values of constants A0
and B0 by means of the following relations

B0 =
1
b
⇒ b =

1
B0

, (8a)

A0 = −1
b
log σ′

f ⇒ σ′
f = 10

−bA0 . (8b)

The equation of the regression line that was shifted
is as follows:

log (2Nf) = A0 ± d(P%)sN +B0log σa, (9)

where d(P%) is the constant expressing the regression
line shift (in multiples of the sN standard deviation)
to the required value of P%. For P = 50 % the value
d(50%) = 0. The signs (−) and (+) are valid for de-
termination of the lower and upper interval limits, re-
spectively, of the confidence interval. The values of the
constant d(P%) for some probabilities (P% in Fig. 2)
are noted in the Appendix. sN is the standard devi-
ation of the distribution of number of cycles to failure
Nf .
For the set of n experimental points (σai; 2Nfi)

n
i=1,

the sN is given by the following relation

sN =

√
√
√
√
√

n∑

i=1
Y 2i − A0

n∑

i=1
Yi − B0

n∑

i=1
XiYi

n − 2 , (10)

where Y = log (2Nf), X = log σa, and the constants
A0, B0 are regression line parameters in Eq. (6).
It follows from the above-noted assumption that

the material constant b will remain unchanged for all
values of P%. The value of σ′

f(P%), for P% is obtained

using the evaluated constant A0 (Eq. 6) and the rel-
evant value of the d(P%) constant.
Let us note

A0 ± d(P%)sN = A1. (11)
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Fig. 3. Layout of detailed procedure for fatigue-life distribution function (FLDF) calculation in respect of the scatter of
cyclic material properties. FDAH – fatigue damage accumulation hypothesis; tf – fatigue life expressed in terms of time;

Nbl – fatigue life expressed by the number of macroblock repetitions; σ(t) – operational loading process.

Equation (9) of the shifted regression line then be-
comes

log(2Nf) = A1 +B0log σa. (12)

With respect to Eqs. (5), (6), and (11)

A1 = −1
b
log σ′

f(P%), (13)

and the sought value of the fatigue strength coefficient
for P%

σ′
f(P%) = 10

−bA1 = 10−b(A0±d(P%)sN). (14)

By the same procedure, it is possible to obtain in
probabilistic form the set of material constants per-
taining to Manson-Coffin’s or Wöhler’s curve. Let us
also note that the assumption of log-normal distribu-
tion of fatigue life, used in our derivations, is a widely
accepted practice, e.g. by the British Standard BS
7608 [6], for determination of standardized S-N curves.

3. Fatigue-life estimation model

In fatigue-life calculation it is necessary to consider
the occurrence of all possibilities of cyclic material

properties, i.e. in a fatigue-life estimation model we
have to take into consideration the parameters of the
shifted fatigue-life curves for all probabilities of occur-
rence (from 1 % to 99 %). The schematic presentation
of the detailed procedure for calculation of FLDF, in
respect of the scatter of cyclic properties of the ma-
terial, is given in Fig. 3.
The principle underlying this calculation is the

transformation of the σ(t) random loading process
into the macroblock of harmonic cycles (a set of har-
monic cycles with different σam amplitudes and σm
mean values) which, together with the material char-
acteristics, represents the input to the fatigue-damage
accumulation hypothesis (FDAH). Based on an ad-
equate FDAH that correlates both the material- and
loading characteristics, the fatigue life is then calcu-
lated and expressed in the number of macroblock repe-
titions Nbl, or directly in terms of time tf (see Section
4). This procedure actually combines the evaluated
macroblock with material parameters for P% from 1 %
to 99 %, i.e. 99 combinations enter the FDAH (when
the interval limit rises by 1 %). The calculation out-
put is a set of 99 feasible values of lives serving as the
fatigue-life distribution function (FLDF) calculation.
It should be noted that to obtain the representative

FLDF, the probabilities of occurrence must be raised
by constant values of P%. Mostly, it is sufficient to
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raise the probabilities by intervals of 0.5 % or 1 %.
The length of operational life calculated according

to the scheme in Fig. 3 is also influenced by some other
factors:
– Selection of FDAH. The Palmgren-Miner’s [7, 8]

hypothesis is most frequently used, mainly for its sim-
plicity. The simple- and physico-supported hypothesis
(that the fatigue damage is characterized by plastic
strain energy) according to [9] could also be recom-
mended. Nevertheless, it is always advisable to apply
all the available FDAHs in the calculation of life. A
survey of FDAHs is available in [10].
– Method of transformation of the random load-

ing process into a macroblock of harmonic cycles. For
fatigue analysis, the application of the so-called “rain-
flow method” [11] is appropriate. The method stems
from decomposition of the random loading process
into a set of harmonic cycles based on closed hysteresis
loops. While there are several algorithms for selection
of harmonic cycles from the σ(t) random process, the
standardized method [12] is recommended.
– Operational loading process record. The loading

process is mostly obtained by strain gauge measure-
ments in the form of time-dependent strain ε(t). The
measured record of loading must be representative and
sufficiently long, i.e. must include all the significant
service operations of the construction. The minimum
record length needed for the representative fatigue-life
calculation is given by the statistical criteria for eval-
uation of the loading process characteristics [13].
– The effect of mean value. There are several mod-

els for study of mean stress effect in fatigue-life cal-
culations [14–18]. These models are used to transform
the macroblock, obtained by the rainflow method in
the form of harmonic cycles with mean values, into a
set of harmonic cycles with zero mean value (Fig. 3).
A survey and comparison of the individual models
are found in [19–25]. The most frequently used is the
model according to Morrow [14] (reduction of the σ′

f
coefficient by the σm value) and the so-called SWT
parameter [18] (σmax∆ε/2), and their eventual modi-
fications [26, 27].
– Amplitudes below the fatigue limit. The influence

of amplitudes below the fatigue limit (σC) on calcu-
lated life is rather small and the amplitudes σa <
(0.5÷0.7) σC are usually omitted [28] in fatigue dam-
age analysis. To include the σa < σC in fatigue-life
calculations, it is necessary to employ the parameters
of the fatigue-life curve extrapolated below the fatigue
limit σC.

4. Example of application

Potentialities of the estimation model of fatigue-life
distribution function (FLDF), presented in Section 3,
are demonstrated here by evaluating the fatigue reli-

ability of an urban vehicle’s construction. The mag-
nitude of the scatter of cyclic properties is an import-
ant parameter in fatigue reliability evaluation because
it could considerably affect the shape of the FLDF cal-
culated of the CSC and, subsequently, also of the prob-
ability value of premature fatigue failure Pg (Fig. 1).
In this case, the welded joint represents the critical

spot in the construction (CSC). The magnitude of the
scatter of the welded joint’s cyclic properties primarily
depends on the method of welding employed, inhomo-
geneity of the mechanical properties of the basic and
added materials, the presence and quantity of vari-
ous defects arising during welding, compliance with
requirements of the welding process, and other factors.
Therefore, fatigue assessment of welded joints is a very
real problem [29] and recent developments in local as-
sessment concepts are given in [30]. The specific aim
of this part of the paper was to investigate the mag-
nitude of influence the scatter of the welded joint’s
cyclic properties wields on fatigue life and thereby as-
sess the resistance of the vehicle’s construction to fa-
tigue failure.
To assess the fatigue resistance of the vehicle’s con-

struction, it is necessary to calculate the FLDF of the
welded joint and compare it with the requirement for
failure-free operation (Lreq, Pa, Fig. 1) of the construc-
tion. To calculate the FDLF (following the method
detailed in Fig. 3) it is necessary:
– to transform the load acting at the CSC into the

macroblock of harmonic cycles using the “standard-
ized rainflow method [12]”, and
– to determine the set of material constants that

represent the cyclic properties of the welded joint, i.e.
to compute the values of these constants for the prob-
abilities of occurrence ranging from 1 % to 99 %.

4.1. Determination of material characteristics
representing the cyclic properties of the

welded joint

Following the methodology detailed in Section 2,
the material constants entering the fatigue-life calcu-
lation were determined based on fatigue-life test res-
ults. Test specimen, representing the welded joint at
the CSC, is illustrated in the inset of Fig. 4. The fa-
tigue tests were conducted under loading mode with
σa = const. The stress amplitude was σa = Fa/s1 ×
s2 = Fa/5 × 100. The results obtained are presented
in Table 1 and are depicted in the form of fatigue-life
curves in Fig. 4.
The following regression line equation (in the form

of Eq. (6)) was obtained by statistical treatment of
the experimental results presented in Table 1:

log (2Nf) = 12.6355− 4.36284(logσa). (15)

The fatigue-life curve for 50 % probability of occur-
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Fig. 4. Fatigue-life curves of the critical spot of the vehicle’s construction calculated for different probabilities of oc-
currence, P%. RL(50%) – regression line, Eq. (16); RL(5%) – shifted fatigue-life curve (lower tolerance limit for 90 %
confidence interval), (Fig. 2); RL(95%) – shifted fatigue-life curve (upper tolerance limit for 90 % confidence interval);

• – experimental points (σai; 2Nfi)9i=1.

Fig. 5. Fatigue strength coefficient (σ′
f) as a function of probability of occurrence (P%) and standard deviation (sN).

0.213 – real value of standard deviation sN; (0.1, 0.2, 0.3, 0.4) – simulated values of standard deviation sN.

rence in the form of Basquin’s relation, RL(50%), is
shown in Fig. 4. The values of the material constants
σ′
f and b were obtained applying Eq. (8):

σa = σ′
f(2Nf)

b = 787.34(2Nf)
−0.22921

. (16)

The value of standard deviation sN, (calculated ac-
cording to Eq. (10)), for the set of experimental points

(Table 1) in the form (σai; 2Nfi)
9
i=1, is sN = 0.213.

Figure 4 also shows the set of fatigue-life curves
(shifted regression lines), calculated for different P%
based on Eq. (9) for the value of sN= 0.213. The cor-
responding values of material constants σ′

f , computed
for P% from 1 % to 99 % using Eq. (14), are presen-
ted in the form of function σ′

f = f(P%) in Fig. 5,
and for some probabilities also in the Appendix. The
value of the fatigue strength exponent b = −0.22921,
following the methodology presented in Section 2, re-
mains unchanged for all values of P%. The functions
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Ta b l e 1. Fatigue test results

No. σa (MPa) Nf (–)

1 60 19500
2 50 73100
3 50 176200
4 40 184300
5 40 207600
6 30 985200
7 25 2895300
8 20 4956100
9 16 6958400

σ′
f = f(P%) in the form of graphs, calculated for
other (simulated) values of standard deviation, are
also presented in Fig. 5.

4.2. Loading process

Data typical of the loading process were obtained
by strain-gaugemeasurement at the critical spot of the
vehicle’s construction and recorded on a drive along
the road on the normal service route (a closed circle
of circumference 19.2 km). The strain gauge was loc-
ated on the smooth part of the construction near the
weld so that the loading process was recorded in the
direction of the principal stress. The typical loading
process in the form of time-dependent stress σ(t) is
shown in Fig. 6, and its characteristics are presented
in Table 2.
To estimate the fatigue-life of the CSC adopting

the scheme detailed in Fig. 3, the σ(t) loading pro-
cess was transformed into the set of harmonic cycles
(macroblock) using the standardized rainflow method
[12].

4.3. Fatigue-life calculation and analysis of
the influence of the scatter of cyclic material

properties on fatigue reliability

In fatigue-life calculation (as per the method de-
tailed in Fig. 3) of the CSC, the Palmgren-Miner
(P-M) [7, 8] fatigue damage accumulation hypothesis

Fig. 6. Data on the σ(t) loading process.

was used:
∑

(i)

ai

Nfi
= 1, (17)

where ai is the number of σai stress amplitudes in the
loading macroblock, obtained by the rainflow method
from the σ(t) loading process, Nfi is the number of
cycles to fatigue failure corresponding to the loading
with σai amplitude. Nfi is determined applying Eq.
(3).
The effect of mean stress σm is evaluated according

to Morrow’s concept [14]. The corresponding relation
between the σa stress amplitude (for the cycle with
σm = 0) and the σam stress amplitude (for the cycle
with σm �= 0) is utilized in the form

σam = σa

(

1− σm
σ′
f

)

. (18)

According to Palmgren-Miner [7, 8], the fatigue
damage D caused by one macroblock, i.e., induced
by the σ(t) random loading process of length ts =
3596.37 s (time segment of the σ(t) process, in Fig. 6
above, from which the macroblock of harmonic cycles
was obtained by the rainflow method), is given by the
following relation:

D =
∑

(i)

ai

Nfi
. (19)

Ta b l e 2. Loading process characteristics

Maximum Minimum Mean Median Standard Number Sample
stress stress value deviation of frequency
(MPa) (MPa) (MPa) (MPa) (MPa) ordinates (Hz)

σ(t) 21.18 –30.94 –0.21 –0.179 1.858 1 438 550 400
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Fig. 7. Fatigue life (FL) for 90 % confidence interval (standard deviation sN = 0.213). FL(50%) – fatigue life calculated for
the regression line material parameters (Fig. 4); FL(5%) – fatigue life corresponding to the lower limit of 90 % confidence
interval (calculated for the parameters of RL(5%) shifted fatigue-life curve, Fig. 4); FL(95%) – fatigue life corresponding
to the upper limit of 90 % confidence interval (calculated for the parameters of RL(95%) shifted fatigue-life curve, Fig. 4).

Fatigue life, expressed by the number of macro-
block repetitions (Nbl), is a result of the limit state
condition, Eq. (17), i.e.

NblD = 1⇒ Nbl = D−1. (20)

The fatigue life Nbl so calculated is transformed
back to the time domain using the following relation:

tf = Nblts, (21)

where tf is fatigue life expressed in terms of time, ts
is the time segment of the σ(t) loading process, from
which the macroblock was obtained.

4.3.1. Influence of the scatter of cyclic properties of
the welded joint on fatigue life – analysis by means of

confidence intervals

The analysis involves determining the expected
fatigue-life span (in the context of the scatter of cyc-
lic properties of the welded joint) of the CSC for the
desired probability of occurrence. The value of the de-
sired probability of occurrence selected was 90 %. This
means that for calculation of fatigue-life limit values
(the lower and upper limits of the 90 % confidence
interval) material constants σ′

f , b for P% of 5 % and
95 % are needed (see also Fig. 2). Fatigue life is com-
puted as per the diagram in Fig. 3, employing Eqs.
(17) through (21), for the parameters of the RL(50%)
regression line and for those of the shifted regression
lines RL(5%) and RL(95%), Fig. 4. The results of cal-
culation of life span are illustrated in Fig. 7.
Details of calculation:
– loading input (Fig. 3): 1 macroblock obtained by

the rainflow method [12] from the entire record of the
σ(t) loading process in Fig. 6;
– material input:
σ′
f = 787.34 MPa, b = −0.22921, which are para-

meters of the RL(50%) regression line (Fig. 4, Eq.
(16));

σ′
f(5%) = 654.77 MPa, b(5%) = −0.22921, which

are parameters of the RL(5%) shifted regression line
(Fig. 4 and Appendix);

σ′
f(95%) = 946.73 MPa, b(95%) = −0.22921, which

are parameters of the RL(95%) shifted regression line
(Fig. 4 and Appendix);

– data for converting of life calculated in “hours”
into life expressed in “km” and “years” of operation:
the σ(t) loading process – 1 circle: 19.2 km, ts =

3596.37 s
average speed: 19.2193 km/hour
operation: 20 circles/day
The results in Fig. 7 show that, consequent to

the scatter of cyclic properties of the welded joint,
the fatigue life of CSC that could be expected with
90 % probability would range from 3.59 years to 17.91
years. In terms of fatigue reliability, this means that
with probability of 5 % the actual fatigue life of the
welded joint could be less than 3.59 years. The span
of the 90 % interval depends on the magnitude of
the scatter of experimental points around the regres-
sion line (Fig. 4), i.e. on the value of standard devi-
ation sN. This dependence is evident from Fig. 8 and
Table 3, which show the fatigue lives corresponding
to the lower and upper limits of the 90 % confidence
interval calculated for various values of standard de-
viation sN.
It follows from the Fig. 8 that only a welded joint

with maximum value of standard deviation sN = 0.12
could guarantee 5 years of operational endurance
(Lreq, Fig. 1) when the permissible probability of
occurrence of premature fatigue failure is 5 % (Pa,
Fig. 1). In such a case, the expected fatigue life of the
critical spot of the vehicle construction will be in the
range 5 to 13 years with the probability of 90 %. How-
ever, for the present value of scatter (with sN = 0.213)
and for the requirement of 5 years, the probability of
premature fatigue failure occurrence is X%, i.e. it is
greater than the permissible value of 5 %.

4.3.2. Influence of scatter of welded joints’ cyclic
properties on fatigue life – analysis by means of

fatigue-life distribution function

More information about the influence of the scat-
ter of welded joints’ cyclic properties on fatigue life of
CSC could be gathered by analysing the FLDF calcu-
lations for various magnitudes of the scatter. Besides
determining the expected span of fatigue life, such an
analysis enables definition of the distribution of fa-
tigue life in this interval. FLDF in respect of the scat-
ter of cyclic material properties is calculated as per
the procedure detailed in Fig. 3.
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Ta b l e 3. Fatigue-life limit values calculated for 90 % confidence interval and for simulated values of standard deviation
sN. (0.1, 0.2, 0.3, and 0.4) are the simulated values of standard deviations; 0.213 is the real standard deviation

Standard FL(5%) FL(95%) σ′
f(5%) σ′

f(95%) b
deviation sN (years) (years) (MPa) (MPa) (–)

0.100 5.50 11.70 722.05 858.52 –0.22921
0.200 3.77 17.05 662.19 936.14 –0.22921
0.213 3.59 17.91 654.77 946.73 –0.22921
0.300 2.59 24.86 607.28 1020.78 –0.22921
0.400 1.78 36.25 556.93 1113.06 –0.22921

Ta b l e 4. Characteristics of calculated FLDFs (Fig. 9)

Fatigue-life distribution function (FLDF)

Standard Mean value Standard Minimum Maximum
deviation on (years) deviation value value
S-N curve (years) (years) (years)

0.100 8.22 1.83 4.70 13.71
0.200 8.84 4.01 2.75 23.42
0.213 8.95 4.34 2.56 25.11
0.300 9.96 6.99 1.61 40.02
0.400 11.74 11.43 0.94 68.40

Fig. 8. Fatigue life with 90 % confidence interval calculated for different values of standard deviation sN.

The data needed to be entered in the model for cal-
culating FLDF are:
– loading input (Fig. 3): 1 macroblock obtained by

the rainflow method [12] from the entire record of the
σ(t) loading process in Fig. 6;
– material input: the set of material constants

(σ′
f , b), computed for P% from 1 % to 99 % using
Eq. (14).

FLDFs, calculated for the real standard deviation
sN = 0.213 as well as for the simulated values of sN =
0.1, 0.2, 0.3, and 0.4, are shown in Fig. 9. Parameters
of the individual FLDFs, plotted in Fig. 9, are given
in Table 4.
Figure 9 shows that it is now possible to read

the X% value (appearing in Fig. 8) directly from the
FLDF calculated for the sN = 0.213, i.e. the value
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Fig. 9. Fatigue-life distribution function, representing the stochastic nature of cyclic material properties at the critical spot
of the construction, calculated for different magnitudes of the scatter of fatigue-life curve experimental points (Fig. 4).
0.213 – real value of standard deviation sN (Eq. 10); 0.1, 0.2, 0.3, 0.4 – simulated values of standard deviation; 5 years
– required operational endurance (Lreq, Fig. 1); 5% – permissible probability of premature fatigue failure occurrence

(Pa, Fig. 1).

X = 16.5 %. In practice, this means that in the case
of our vehicle (sN = 0.213) the probability of prema-
ture fatigue failure occurring (i.e. before expiry of the
desired 5 years of failure-free operation) is 16.5 %. It
is also apparent from Fig. 9 that the magnitude of
scatter greatly influences the guaranteed fatigue life
(Lg, Fig. 1) of the CSC. For instance, for the 5 % prob-
ability of fatigue-failure occurrence the guaranteed fa-
tigue life (Lg) varies from 1.8 to 5.5 years, depending
upon the magnitude of the scatter (represented by the
value of standard deviation sN) of the welded joint’s
cyclic properties. For a 5 % probability of fatigue fail-
ure, we can guarantee in our case (where sN = 0.213) a
fatigue life of only 3.6 years, whereby, in respect of the
requirement Lreq = 5 years, the standard deviation sN
should be 0.12. It follows from the above-noted that in
our case the CSC do not fulfil the condition of reliable
operation for the required values of (Lreq; Pa) = (5
years; 5 %), because for the Lreq = 5 years the value
of Pg = 16.5 % > Pa = 5 %, and for the Pa = 5 %
the value of Lg = 3.6 years < Lreq = 5 years.

5. Discussion

It should be stressed that in the model of life estim-
ation presented, fatigue failure is defined as the time
required initiating a crack of ∼ 1 mm in length, i.e.
the time required for the so-called engineering initi-
ation of fatigue crack. Owing to the precision in fa-
tigue damage calculation, the same definition of fa-
tigue failure has to be applied to the fatigue-life curve
tests needed for determination of the set of experi-

mental points (σai; 2Nfi)
n
i=1 (Fig. 2), used for calcu-

lating material constants σ′
f , b in accordance with the

methodology in Section 2. There could be a wide dif-
ference between the fatigue-life curves determined for
the number of cycles that cause total fracture of the
test specimen and those that initiate cracks. Applica-
tion of the material constants obtained for the number
of cycles to total fracture might lead to an erroneous
FLDF estimation. There are several methods for de-
termining the number of cycles to “engineering crack
initiation”, e.g. continuous monitoring of the test spe-
cimen by a camera system, continuous monitoring of
the stress response (under the εa = constant loading
mode), and others. The method, presented in [31], is
among the latest developed to detect the initiation of
fatigue cracks during fatigue testing.
In fatigue-reliability assessment the values of Lg

calculated for the small values of Pa are important
(Fig. 1). These values greatly depend on the value of
the standard deviation sN, as is evident from Fig. 9. In
our case (sN = 0.213), for the Pa of 5 % we can guar-
antee a fatigue life of only 3.6 years. Increase in the
scatter of experimental points on the fatigue-life curve
in Fig. 4 (e.g. consequent to deterioration in quality of
welding) would reduce this fatigue life further. For in-
stance, by increasing the standard deviation to a value
of sN = 0.4 for the Pa of 5 %, we can guarantee a life
of only 1.8 years and for Pa of 1 % of only 0.94 years
(Fig. 9, Table 4). From this point of view, the critical
spot investigated in the vehicle’s construction seems
vulnerable to material fatigue.
It follows from the reasons given above, that the

magnitude of scatter greatly influences the operational
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reliability of the construction (from the material fa-
tigue point of view). The greater the magnitude of
the scatter the longer will be the expected fatigue-
-life span, which could be a result of the scatter of the
material’s cyclic properties. Ideally, i.e. at zero scatter
(when all experimental points in Fig. 4 are situated on
the regression line), the fatigue life of the construction
would equal the value of FL(50%) = 8.02 years, Fig. 7.
However, for a standard deviation of sN = 0.4 this life
could dwindle to only 1.8 years (depending upon the
value of Pa, Fig. 1), Fig. 9. To fulfil the requirement for
reliable operation Pa = 5 % and Lreq = 5 years the
standard deviation should be sN ≤ 0.12. Therefore,
minimizing scatter of the cyclic material properties at
the critical spot of the vehicle’s construction improves
the fatigue reliability of the vehicle, e.g. by adopting a
different welding technique, by selection of a material
with better fatigue properties, etc.

6. Conclusions

The magnitude of scatter of the cyclic material
properties (represented by the standard deviation of
the distribution of number of cycles to fatigue failure
on the S-N curve) is a parameter of crucial import-
ance and considerably influences the fatigue reliability
of the construction.
Therefore, a simple computing method has been

proposed for the determination of characteristics of
materials, namely the fatigue strength coefficient (ex-
ponent) σ′

f (b) and fatigue ductility coefficient (expo-
nent) ε′f (c), for any probability of occurrence.
The proposed procedure of probabilistic interpret-

ation of material characteristics, representing mater-
ial’s cyclic properties, was built into the model for
fatigue-life estimation under random loading. The
modified model of life estimation (Fig. 3) enables
calculation of the fatigue-life distribution function
(FLDF) in respect of the scatter of cyclic properties
of the material.
The estimation model of FLDF enables to solve

various dilemmas in the field of fatigue reliability of
the constructions. The model is especially useful not
only in the design stage, but also in assessing the fa-
tigue reliability of existing constructions. Where the
operational endurance value (Lreq in Fig. 1) is re-
quired, the model enables:
– calculation of the probability of occurrence of

premature fatigue failure of the construction for dif-
ferent load conditions (different loading macroblocks
entering the life calculation);
– optimizing selection of the material of construc-

tion in terms of the desired operational endurance
(Lreq, Fig. 1) and permissible probability of occurrence
of premature fatigue failure (Pa, Fig. 1);
– comparing effectively the different design con-

cepts of the critical spot of the construction keeping
fatigue reliability in view;
– comparing different methods of welding and heat-

treating processes;
– assessing new requirements for failure-free opera-

tion of the construction for varying service conditions
(by enabling calculation of FLDF for new load condi-
tions and consideration of another Lreq value in fatigue
reliability assessment).
Potentialities of the estimation model of FLDF

were demonstrated by evaluating the fatigue reliab-
ility of an urban vehicle’s construction. It has been
shown that the magnitude of scatter greatly influences
the operational reliability of the construction, e.g. for
the requirement of 5 years of failure-free operation the
probability of premature fatigue failure varies from
2.5 % to 30 %, depending upon the magnitude of scat-
ter.

Acknowledgements

This work received financial support from the Slovak
Research and Development Agency under the contract
APVV-0437-07, Scientific Grant Agency of the Ministry of
Education of the Slovak Republic and the Slovak Academy
of Sciences under the contract VEGA 2/7086/27 and from
the Ministry of Education and Youth of the Czech Repub-
lic under the contracts MSM4771868401 and 1M0519.

References

[1] MANSON, S. S.: Behavior of materials under con-
ditions of thermal stress. Heat Transfer Symposium.
Ann Harbor, Michigan, University of Michigan Engin-
eering Research Institute 1953, p. 9.

[2] COFFIN, L. F.: Trans. ASME, 76, 1954, p. 931.
[3] BASQUIN, O. H.: American Society for Testing and
Materials, Proceedings 10, 1910, p. 625.

[4] LANDGRAF, R. W.—MITCHEL, M. R.—LAPOIN-
TE, N. R.: Monotonic & Cyclic Properties of Engineer-
ing Materials. Metallurgy Department, Scientific Re-
search Staff. Dearborn, Michigan, Ford Motor Com-
pany 1972.

[5] KUČERA, J.—TALPA, I.—BRÁZDA, H.: Strojíren-
ství, 34, 1984, p. 690 (in Czech).

[6] Code of practice for fatigue design and assessment of
steel structures. British Standard BS 7608, 1993.

[7] PALMGREN, A.: ZVDI, 68, 1924, p. 339.
[8] MINER, M. A.: Journal of Applied Mechanics, 67,
1945, A159.

[9] KLIMAN, V.: Mater. Sci. & Engng., 68, 1984, p. 1.
[10] FATEMI, A.—YANG, L.: Int. J. Fatigue, 20, 1998,

p. 9. doi:10.1016/S0142-1123(97)00081-9
[11] MATSUISHI, M.—ENDO, T.: Japan Society of Mech-

anical Engineers, 2, 1968, p. 268.
[12] AMZALLAG, C.—GEREY, J. P.—ROBERT, J. L.—

BAHUAUD, J.: Int. J. Fatigue, 16, 1994, p. 287.
doi:10.1016/0142-1123(94)90343-3

http://dx.doi.org/10.1016/S0142-1123(97)00081-9
http://dx.doi.org/10.1016/0142-1123(94)90343-3


378 V. Kliman et al. / Kovove Mater. 48 2010 367–378

[13] KLIMAN, V.: Kovove Mater., 36, 1998, p. 419 (in
Slovak).

[14] MORROW, J. D.: Fatigue Properties in Metal. Fa-
tigue Design Handbook. Advances in Engineering. Vol.
4. Ed.: Graham, J. A. Warrendale, PA, Society of
Automotive Engrs. 1968.

[15] GOODMAN, J.: Mechanics Applied to Engineering.
Vol. 1. 9th ed. London, Longmans 1931, p. 634.

[16] SODERBERG, C. R.: Trans. Am. Soc. Test Matls, 52,
1930, p. 13.

[17] GERBER, W.: Bestimmung der zulossigne Spannun-
gen in eisen Constructionen. Z Bayer Arch Ing Ver
1874, p. 6.

[18] SMITH, K. N.—WATSON, P.—TOPPER, T. H.:
JMLSA, 5, 1970, p. 767.

[19] LUKÁŠ, P.—KUNZ, L.: Int. J. Fatigue, 11, 1989, p.
55.

[20] NIHEI, M.—HEULER, P.—BOLLER, CH.—SEE-
GER, T.: Int. J. Fatigue, 8, 1986, p. 119.
doi:10.1016/0142-1123(86)90002-2

[21] GOLOS, K. M.: Mater. Sci. & Engng., A111, 1989, p.
63.

[22] WEHNER, T.—FATEMI, A.: Int. J. Fatigue, 13, 1991,
p. 241. doi:10.1016/0142-1123(91)90248-W

[23] KWOFIE, S.—CHANDLER, H. D.: Int. J. Fatigue,
23, 2001, p. 341. doi:10.1016/S0142-1123(00)00098-0

[24] LAGODA, T.—MACHA, E.—PAWLICZEK, R.: Int.
J. Fatigue, 23, 2001, p. 283.
doi:10.1016/S0142-1123(00)00108-0

[25] XIA, Z.—KUJAWSKI, D.—ELLYIN, F.: Int. J. Fa-
tigue, 18, 1996, p. 335.
doi:10.1016/0142-1123(96)00088-6

[26] BERGMAN, J. W.—SEEGER, T.: VDI-Report of
Progress, 18, 1979, p. 6.
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Appendix

Material constants (σ′
f , b), computed for different probability of occurrence P% (Fig. 2)

Regression line (Fig. 4, Eq. (16)) log-normal distribution
σa = 787.34 (2Nf)−0.22921 sN = 0.213

(d(P%))
P (%) below/above regression line σ′

f (MPa) b (–)

1 2.330 605.90 –0.22921
5 1.640 654.77 –0.22921
10 1.280 681.82 –0.22921
30 0.524 742.30 –0.22921
50 0.000 787.34 –0.22921
70 0.524 835.11 –0.22921
90 1.280 909.18 –0.22921
95 1.640 946.73 –0.22921
99 2.330 1023.09 –0.22921
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