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Properties of exponential many-body interatomic potentials
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Abstract

A set of exponential many-body potentials of Finnis-Sinclair type was chosen to be tested
for application to atomistic simulations of extended crystal defects. The selected potentials
lead to stability of different lattices, fcc, hcp or bcc. The aim of this work is to test behaviour
of the models based on such potentials in the cases when phase transformations can occur. In
particular, the elastic constants and free surface relaxations in fcc, hcp and bcc crystals were
calculated.
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1. Introduction

A large variety of material properties are controlled
by the phenomena, which take place on the atomic
level. The knowledge of the structure of crystal lattice
defects or crystallography of their motion is necessary
for the studies of plastic deformation, phase trans-
itions or fracture. An important task in these fields is
a choice of description of the acting interatomic forces.
Unfortunately, the determination of interatomic inter-
actions from the first principles is not an easy task and
it is combined with mathematical and calculation diffi-
culties. Hence different approaches and simplifications
are often used.
The simplest assumption is that the interaction en-

ergy can be written as a sum of pairwise contributions
of the nearest neighbours to the considered atom. For
example, the well-known Lennard-Jones potential be-
longs to this group of models. Such models can be a
satisfactory approximation for certain kinds of mater-
ials such as noble gases. However, they give a descrip-
tion of primarily short-range forces only what is not
sufficient for majority of metals. It is a well-known fact
that the Cauchy relations for the models with pairwise
forces are generally not satisfied in metals [1]. The
next step of potential improvement was an attempt
to add a term, which depends on the atomic volume
[2]. However, the introduction of the atomic volume
as a variable in the total energy leads to the paradox
that the bulk modulus calculated by the method of
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long waves at constant volume differs from the value
calculated for homogeneous deformation.
A progress was made by the development of em-

bedded atom method (EAM) [3, 4] based on the
density-functional and effective medium theories and
Finnis-Sinclair many-body potentials [5] based on the
second moment approximation to the density of states
in the framework of the tight binding treatment. Both
schemes give a similar form of expressions for the total
energy of a system of interacting atoms although their
physical justifications are different. The many-body
potentials were applied to the calculations of various
metal properties. For instance, the point defects, sur-
faces and grain boundaries have been studied in [6],
the energy variation of NiAl and TiAl with structural
transformation was calculated in [7]. The many-body
potentials give a much better physical picture of the
metal properties than the pairwise models in most
cases.
Further improvement was design of the potentials,

which include angular dependence of the interatomic
forces. It is partially implemented in the modified
EAM potentials (MEAM) [8, 9] and mainly in the
bond-order potentials (BOP) [10–12]. The first ap-
proach is only a modification of EAM scheme while
the second one is based on the tight binding model.
Finnis-Sinclair (FS) type many-body potential,

which was proposed originally by Rosato [13] for fcc
transition metals, was selected for the calculations in
this work. This potential was chosen mainly for its
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relative simplicity – it contains only five parameters.
The aim of this paper is not to construct the poten-
tials for specific materials but to find potentials with
qualitatively different behaviour and to describe their
properties and the trends in property changes. The po-
tential appropriate for modelling of phase transition is
in principle unstable as it describes several structures.
So the main attention is paid to the question how this
potential designed for fcc metals can describe the bcc
structures as well. The elastic constants and proper-
ties of the simplest planar defects – free surfaces will
be discussed.

2. Model

The many-body potential (1) is taken in a simple
analytical form with only five parameters A, ξ, p, q, r0
as proposed in [13],
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In order to obtain reasonable scaling of the energy
and distances, the coefficients A and ξ were fitted to
the cohesive energy and lattice parameter. The para-
meters p and q were altered freely to change the poten-
tial property. Fitting was performed to the cohesive
energy (Ecohesive = −2.95 eV) and lattice parameter
(a0 = 4.09 Å) of silver. The fifth parameter r0 is equal
to the first neighbour separation in the fcc lattice.
Both the bonding, Ei

b, and repulsive, Ei
r , energy

contributions for an ith atom are cut at the distance
corresponding to the 3rd neighbours of fcc lattice.
Between the 3rd and 4th neighbours, the exponential
expressions for Ei

b and Ei
r are replaced by the fifth

order polynomials

P (r) = α(r − rc)
5 + β(r − rc)

4 + γ(r − rc)
3
. (2)

The polynomial coefficients are fitted to obtain
continuity of the values and first and second deriv-
atives at the point of line-up (the 3rd neighbour sep-
aration) and truncation to zero at the cut-off distance
(rc).
Four potentials with the parameter values p = 9

and q = 1, 1.5, 2, 3, which manifest qualitatively dif-
ferent behaviour, were chosen for further investigation.
The stability of structures, associated with such po-
tentials, was analysed also in [14]. The most stable

Ta b l e 1. Elastic constants of fcc structure

Potential p9q1 p9q1.5 p9q2 p9q3

C11 (GPa) 47.31 61.26 73.83 99.14
C12 (GPa) 28.37 40.63 52.59 77.96
C44 (GPa) 23.71 28.16 32.60 32.60
C′ 9.473 10.32 10.62 10.59
Bulk modulus (GPa) 34.69 47.51 59.69 85.02
Anisotropy factor 2.50 2.73 3.07 3.08

Ta b l e 2. Elastic constants of bcc structure

Potential p9q1 p9q1.5 p9q2 p9q3

C11 (GPa) 207.9 162.9 102.2 83.48
C12 (GPa) 90.56 80.72 71.82 86.02
C44 (GPa) 78.54 62.23 45.94 40.01
C′ 58.69 41.09 15.20 –1.268
Bulk modulus (GPa) 129.6 108.1 81.95 85.18
Anisotropy factor 1.34 1.51 3.02 –31.55

Ta b l e 3. Elastic constants of hexagonal structure

Potential p9q1 p9q1.5 p9q2 p9q3

C11 (GPa) 116.6 107.4 103.2 121.1
C12 (GPa) 43.6 44.7 48.2 70.3
C13 (GPa) 74.4 60.8 47.8 49.6
C33 (GPa) 261.3 189.3 119.3 120.1
C44 (GPa) 48.9 41.5 35.6 34.1
Bulk modulus (GPa) 79.9 74.4 67.9 83.5

structures are bcc and hcp with non-ideal c/a for the
potentials with q = 1 and 1.5, respectively, and fcc is
the most stable structure for the potentials with q =
2 and 3.
The changes of parameters p and q alter the bal-

ance between the attractive and repulsive forces. For
smaller values of q the bonding part in Eq. (1) is less
steep and the contributions of the second and sub-
sequent neighbours to the cohesive energy become lar-
ger.

3. Elastic constants

The elastic constants of fcc, bcc and hcp structures
for the selected potentials are presented in Tables 1–3,
respectively. Three independent elastic moduli in the
cubic lattice, C11, C12, C44, and five in the hexagonal
lattice, as well as the [110] cubic shear modulus, C′ =
(C11 −C12)/2, and the value of the bulk modulus are
also listed.
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Ta b l e 4. Cohesive energies – E, lattice parameters – a, axial ratios – c/a and atomic volume – V of different structures.
For fcc structure, the values of E, a and V are –2.95 eV, 0.409 nm and 0.01710 nm3/atom, respectively

Potential p9q1 p9q1.5 p9q2 p9q3

bcc E (eV) –3.058 –2.964 –2.930 –2.927
a (nm) 0.3072 0.3124 0.3180 0.3240
V (nm3/atom) 0.01449 0.01524 0.01608 0.01700

hcp E (eV) –3.018 –2.964 –2.946 –2.948
a (nm) 0.2922 0.2920 0.2910 0.2896
c/a 1.456 1.497 1.555 1.621
V (nm3/atom) 0.01574 0.01614 0.01659 0.01704

The atomic volumes that correspond to the min-
ima on the energy-volume dependence for fcc lattices
are the same for all potentials due to fitting but they
are different for the other considered structures. The
energies of the fcc, bcc and hexagonal structures were
compared for all considered potentials. The cohesive
energies, lattice parameters and atomic volumes of
different structures are listed in Table 4. These val-
ues for the fcc structure are −2.95 eV, 0.409 nm and
0.01710 nm3/atom, respectively. For each potential,
the structure with the lowest energy is considered as
stable, the others are metastable or unstable. The cal-
culated bcc atomic volumes are smaller than the fcc
or hexagonal ones.
Since the aim of this paper is to investigate how the

potentials, originally developed for the fcc structure,
describe the other crystal structures, it is interesting
to compare the behaviour of our model with the be-
haviour of materials, which undergo phase transform-
ations. As an example it is possible to take zirconium
and titanium. Both of these metals undergo bcc-hcp
phase transformation. The hexagonal zirconium lat-
tice parameters a = 0.3232 nm and c = 0.5148 nm
[15] correspond for the constant atomic volume to
the fcc lattice parameter a = 0.4533 nm with the
0.3205 nm nearest neighbour separation. When the
fcc nearest neighbour separation is calculated for the
bcc zirconium atomic volume, 0.3179 nm, it is smal-
ler. Hence the atomic volume of zirconium is about
2.4 % larger in the hexagonal structure than in bcc.
However, in titanium the hexagonal atomic volume is
about 2.8 % smaller than the bcc one.
The calculated fcc elastic constants exhibit an as-

cending tendency with increasing parameter q. The
trends of bcc elastic constant changes are opposite.
It may look as unexpected results. In fact the values
of elastic constants depend on the potential derivat-
ives at the equilibrium interatomic distances. These
distances are different in the bcc and fcc lattices and
they vary from one potential to another one. And so
the bcc trends of elastic constant changes need not
be the same as those for fcc where the lattice para-
meter stays constant for all the potentials due to fit-

ting. Nevertheless, it can be concluded that the fcc
lattice is more stable at higher values of q and bcc
is more stable at smaller values of q [14]. This trend
is similar to the trends discussed in the literature for
pairwise potentials [1]. For instance, the bcc lattice
is stabilized increasing the potential cut-off distance
in the case of Lennard-Jones potential, i.e. including
in the interaction the second and further neighbours.
Moreover, the bcc lattice is unstable to the (110)[110]
shear for the p9q3 potential since C′ < 0.

4. Multilayer surface relaxation

The potentials were also tested by the calculations
of atomic plane surface relaxation. The multilayer sur-
face relaxation was one of important motivations for
development of the many-body interatomic potentials
since the pairwise potentials yield expansion of the in-
terlayer separation between the topmost surface layers
for the (100), (110) and (111) fcc surfaces what is in
contradiction with the experimental data for majority
of metals. We do not expect an exact description of
relaxation and reconstruction processes by our simple
potentials; however, the trends in behaviour of chosen
potentials can be compared with those observed in ex-
periments and calculations by other methods.
Let us consider the relaxations of (100), (110),

(111) surfaces for both fcc and bcc structures, the re-
laxations of (112) surface in bcc are considered, too.
The relaxations were performed by means of the con-
jugate gradient method energy minimization in the
LAMMPS software package [16]. The displacements
of atoms were allowed only in the direction perpen-
dicular to the surface.
The results are presented in Table 5. The relaxa-

tions smaller than 1 % are printed by slanted fonts.
First of all it is possible to see that the relaxation
spread much deeper in the bcc structures than in fcc,
especially for the (111) surface. The large relaxation
spreads up to seven atomic layers in the case of (111)
bcc surface for the p9q1 and p9q1.5 potentials, and
it spreads deeper than ten layers in the case of p9q2
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Ta b l e 5. Multilayer surface relaxations

Lattice Surface Potential ∆d12/d12 ∆d23/d23 ∆d34/d34 ∆d45/d45 ∆d56/d56 ∆d67/d67
(%) (%) (%) (%) (%) (%)

bcc (100) p9q1 7.77 –1.74 –1.46 0.61 –0.02 –0.08
bcc (100) p9q1.5 6.72 –0.68 –1.30 0.31 0.06 –0.04
bcc (100) p9q2 3.37 –0.61 –0.70 0.07 0.03 0.0
bcc (100) p9q3 –5.17 –1.08 0.16 0.04 –0.01 0.0

bcc (110) p9q1 2.77 –1.06 0.13 –0.02 0.01 0.0
bcc (110) p9q1.5 1.84 –0.62 0.02 0.00 0.00 0.0
bcc (110) p9q2 0.39 –0.35 –0.01 0.01 0.00 0.0
bcc (110) p9q3 –2.41 0.04 0.01 0.00 0.00 0.0

bcc (111) p9q1 9.65 –4.73 4.35 1.57 –3.94 1.15
bcc (111) p9q1.5 5.94 –6.62 5.81 0.68 –4.05 2.14
bcc (111) p9q2 –1.55 –9.68 8.78 –1.22 –4.30 3.52
bcc (111) p9q3 –16.3 –13.7 14.9 –5.34 –4.44 6.48

bcc (112) p9q1 2.88 2.56 –1.93 0.27 0.09 0.17
bcc (112) p9q1.5 1.84 2.06 –1.33 –0.05 –0.05 0.04
bcc (112) p9q2 –2.49 2.07 –1.60 0.41 –0.26 0.13
bcc (112) p9q3 –10.5 2.22 –2.12 1.22 –0.61 0.33

fcc (100) p9q1 2.10 –1.19 –0.24 0.61 0.0 0.0
fcc (100) p9q1.5 0.82 –0.86 –0.01 0.01 0.0 0.0
fcc (100) p9q2 –0.72 –0.67 –0.02 0.0 0.0 0.0
fcc (100) p9q3 –3.70 –0.10 0.04 –0.01 0.01 0.0

fcc (110) p9q1 3.04 –0.16 –1.48 0.17 –0.22 0.08
fcc (110) p9q1.5 0.92 –0.22 –1.08 0.21 –0.13 0.06
fcc (110) p9q2 –3.35 –0.09 –0.94 0.24 –0.10 0.04
fcc (110) p9q3 –9.38 1.00 –0.79 0.40 –0.16 0.05

fcc (111) p9q1 0.51 –0.43 –0.05 0.00 0.00 0.00
fcc (111) p9q1.5 –0.32 –0.31 –0.03 0.00 0.00 0.00
fcc (111) p9q2 –1.10 –0.19 0.00 0.00 0.00 0.00
fcc (111) p9q3 –2.57 0.13 –0.01 0.00 0.00 0.00

and p9q3 potentials. Such behaviour is connected with
metastability of the bcc structure for the p9q2 poten-
tial and its instability for p9q3. The results of cal-
culation for the structures, which are metastable or
unstable are not meaningless in the case when the
phase transformations occur. An energy barrier must
be overcome in order to destroy the lattice for meta-
stable structures. The instability of bcc structure for
the p9q3 potential is associated with the softness of
C′ elastic constant that is often observed in real ma-
terials [17]. The results for metastable and unstable
structures are considered in this paper for comparison
with the stable structures.
The value of relaxation of the topmost interlayer

separation varies systematically when the potentials
with different parameter q, i.e. with different at-
tractive forces, are considered. The sign of relaxation
changes from positive to negative with increasing q for
all the surfaces.
It is known from the experiments that majority of

surface relaxations is inward. But some surfaces with
anomalous behaviour exist, too. For example, Al (111)
[18–21], Al (100) [22], Ni (100) [23], Ir (100), Rh (100)
[24], Pt (111) [25, 26], Cu (111) [27] possess outward
relaxation. Overviews of experimental and theoretical
results can be found, for instance, in [28–30] for the
fcc metals and in [31] for bcc. Nevertheless, the EAM
calculations were not successful in description of fcc
metals anomalous behaviour [29, 32], they yield in-
ward relaxation, however, the modified EAM [9] is
able to describe the multilayer surface relaxation more
adequately including also anomalous expansion in fcc
metals.

5. Discussion

The comparison of calculated elastic constants
with the experimental data for different materials can-
not be done directly since our potentials were not fit-
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ted to the elastic properties. Notice, for instance, that
the bulk modulus of hexagonal zirconium markedly
decreases at the phase transition to the cubic struc-
ture from 97 GPa to 60 GPa [33]. Similarly, the bulk
modulus of titanium decreases about 10 % [34]. The
opposite behaviour is observed for the p9q1 potential
but the difference is reduced with increasing q. This
behaviour correlates with the atomic volume differ-
ence between the hexagonal and bcc structures that
decreases, too.
Let us compare another important characteristic

that is the anisotropy factor C44/C′. It is often
between 2 and 3 for the fcc metals, the experimental
values are 2.6 for Ni, 2.83 for Pd, 1.59 for Pt, 3.2 for
Cu, 3.03 for Ag, and 2.91 for Au. These values lie close
to the values obtained for our model in Table 1. The
anisotropy factor for the bcc metals are 0.78 for V, 0.5
for Nb, 1.56 for Ta, 0.69 for Cr, 0.72 for Mo, and 1.01
for W. Thus the values of anisotropy factors are smal-
ler for the bcc metals than for fcc. The same trend is
observed for the potentials with the parameters, which
correspond to stability region of the bcc lattice. As can
be expected the anisotropy factor increases when the
potential parameters approach the region of the bcc
lattice instability.
The trends of multilayer relaxation can be dis-

cussed using the concept of surface roughness. It is

Fig. 1. Experimental values of perpendicular top layer re-
laxation, ∆d12/d12, versus surface roughness for Cu (100)
[37], (110) [38], (111) [39]; Ag (100) [40], (110) [41], (111)
[42]; Ni (100), (110), (111) [23]; Pd (100) [43], (110) [44];
Pt (111) [25]; Al (100) [22], (110) [45], (111) [46]; Pb (100)
[47], (110) [48]; Mo (100) [49], (110) [50], (112) [51]; W
(100) [52]; V (100) [53], (100) [54]; Fe (100) [55], (111)
[56], (112) [57]. Dimensionless surface roughness is defined

in the text.

defined in [35] as the inverse of fraction of the area oc-
cupied by the atoms of the radii equal to one half the
bulk nearest neighbour distance. Namely, ∆d12/d12,

Fig. 2. Perpendicular top layer relaxation, ∆d12/d12, versus surface roughness for p9q1 (a), p9q1.5 (b), p9q2 (c), p9q3 (d)
potentials. Full circles correspond to fcc structure and empty circles to bcc. The values of roughness are 1.10 for (111) fcc,
1.27 for (100) fcc, 1.80 for (110) fcc, 1.20 for (110) bcc, 1.69 for (100) bcc, 2.07 for (112) and 2.94 for (111) bcc surfaces.

Dimensionless surface roughness is defined in the text.
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i.e. relative change of the first interlayer separation
(in percent), can be plotted versus surface roughness.
The experimental top layer relaxations rise up with in-
creasing surface roughness (Fig. 1). Such behaviour is
explained in [36] by the argument that the amount
of electron redistribution is larger for more loosely
packed surfaces.
The results of relaxation of the topmost interlayer

distances for the many-body potentials with p = 9
and q from 1 to 3 are presented in Fig. 2. It is seen
that the values of relaxation vary monotonously with
surface roughness for the fcc lattice for all the poten-
tials. Monotonous growth of relaxation with roughness
is not observed for the bcc lattice for q = 1, 1.5 and
2. A trend similar to the experiments, i.e. increase
of the surface relaxation with roughness (for fcc as
well as bcc) is found for the p9q3 potential (Fig. 2d),
but notice that the bcc structure is unstable to the
(110)[110] shear in this case. It is necessary to note
that the experimental data were obtained only for the
stable structures and no structural changes were con-
sidered.

6. Conclusions

Behaviour of the models described by the many-
-body Finnis-Sinclair type potentials with varying
parameter q of attractive interatomic forces was stud-
ied. The lattice stability is changed from fcc to bcc
with decreasing q, i.e. with increasing contributions
of the second and further atomic neighbours when the
attractive potential part becomes stronger. The elastic
constants for the fcc lattice grow up with increasing
q and the trend is opposite for bcc. The loss of the
bcc stability with increasing q proceeds in a physically
reasonable way with decreasing C′ elastic constant.
The inward first layer surface relaxation is replaced
by outward one for the potentials with smaller q.
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